FREE SUBEXPONENTIALITY 



RAJAT SUBHRA HAZRA AND KRISHANU MAULIK 



Abstract. In this article, we introduce the notion of free subexponentiality, 
which extends the notion of subexponentiality in the classical probability setup 
to the noncommutative probability spaces under freeness. We show that distri- 
butions with regularly varying tails belong to the class of free subexponential 
distributions. This also shows that the partial sums of free random elements 
having distributions with regularly varying tails are tail e quivalent to their 
maximum (in the sense of iBen Arous a nd Voiculcscu, 2006). The analysis is 
based on the asymptotic relationship between the tail of the distribution and 
the real and the imaginary parts of the remainder terms in Laurent series ex- 
pansion of Cauchy transform, as well as, the relationship between the remain- 
der terms in Laurent series expansions of Cauchy and Voiculescu transforms, 
when the distribution has regularly varying tails. 



1. Introduction 

A non-commutative probability space is a pair (A, r) where A is a unital complex 
algebra and r is a linear functional on A satisfying r(l) = 1. A non-co mmutative 
analog ue of independence, based on free products, was introduced by IVoiculescu 



(1986). A family of unital subalgebras {Aiji^i C A is called free if t(cl\ ■ ■ ■ a n ) = 
whenever t(Oj) — 0, aj € Ai } and ij =/= ij+i for all j. The above setup is suitable for 
dealing with bounded random variables. In order to deal with unbounded random 
variables, we need to consider a tracial IF*-probability space (A, r) with a von 
Neumann algebra A and a normal faithful tracial state r. 

A self adjoint operator X is said to be affiliated to a von Neumann algebra A, 
if f(X) £ A for any bounded Borel function / on the real line R. A self adjoint 
operator affiliated with A will also be called a random element. For an affiliated 
random element (that is, a self-adjoint operator) X, the algebra generated by X 
is defined as Ax = {/(A) : f bounded measurable}. The n otion of freeness was 



extended to this context by iBercovici and Voiculescu! ([19931 ). A set of random 



elements {Xi}i<i<k affiliated with a von Neumann algebra A, are called freely 
independent, or simply free, if {Axi}i<i<k are free. 

Given a random element X affiliated with A, the law of X is the unique probabil- 
ity measure /ix on R satisfying t(/(A)) = f(t)d(J,x{t) for every bounded Borel 
function / on R. If ca denote the projection valued spectral measure associated with 
X evaluated at the set A, then it is easy to see that nx{— oo,x] — r(er_ 00 X ](X)). 
The distribution function of A, denoted by Fx, is given by Fx{x) = fix{~ oo,x]. 

Let M. be the family of probability measures on R. On Ai, two associative 
operations * and EE can be defined. The measure fj,*i> is the classical convolution of 
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fi and v, which also corresponds to the probability law of a random variable X + Y, 
where X and Y are independent and have laws fi and v respectively. Also, given two 
measures \x and u, there exists a unique measure fx ffl v, called the free convolution 
of fi and v, such that whenever X and Y are two free random elements on a tracial 
W* probability space (A, r) with laws /x and v r espectively , X + Y has the law 
/iEEIzA The free convolution was fi rst introduced in IVoiculescul (Il98d) for compactly 
support ed measures, extended by iMaassenl ( 1992 ) to measures with finite variance 
and by iBercovici and Voiculescu ( 19931 ) to arbitrary Borel probability measures 
with unbounded support. The classical and free convolutions of distributions are 
defined and denoted analogously. 

The relationship between * and ffl convolution is very striking. Th ey have many 



simil a rities li ke characterizations of infinitel y divisible and stable laws ( Bercovici and Pata , 
llQOflL l2000al) . weak law of large numbers 
limit theorem (jMaassenl Il992[ LPatai Il996l 



Bercovici and Pata. 



and central 



VoiculescuT 19851 ). Analogues of many 



other classica l theories have also been derived. In recent times, links with ext reme 
value theory ( Ben Arous and Karginl 20 id Ben Arous and Voiculescul . l2006h and 
de Finetti type theorems ( Banica et al. . 120091 ) have drawn much attention in the 
l iterature. However there are d ifferences too — for exa mple, Cramer's theorem 
( Bercovici and Voiculescul . [l995) and Raikov's theorem ( Benavch-Georges , 2005 ) 
fail in the non-commutative setup. 

Now we consider an interesting family of distributions in the classical setup called 
sub-exponential distributions. The main endeavor of this article is to obtain an ana- 
logue of this concept in the non-commutative setup under freeness. A probability 
measure fi on [0, oo) with jJb(x, oo) > for all x > 0, is said to be subexponential, if 
for every n G N, 

fi* n (x, oo) ~ n/j,(x, oo) as x — » oo. 

For a random variable X with distribution F and subexponential law fi, X and F 
are also called subexponential. The above definition can be rephrased in terms of 
the complementary distribution functions. For a distribution function F, we define 
its complementary distribution function as F = 1 — F. Then a subexponential 
distribution function satisfies, for each natural number n, F* n (x) ~ nF(x) as x — > 
oo. The definition can be extended to probability measures /i and equivalcntly 
distribution functions F defined on the entire real line. A distribution function F 
on the real line is called subexponential, if the distribution function F+, defined 
as F + (x) = F(x), for x > and F + {x) = 0, for x < 0, is subexponential. Thus 
to discuss the subexponential property of the probability measures, it is enough 
to consider the ones concentrated on [0,oo). The subexponential random variables 
satisfy the principle of one large jump as well. If {Xi} are i.i.d. subexponential 
random variables, then, for all n € N, 



P[Xx 



X n > x] ~ nP[X± > x] — P[maxi<;< n Xi > x] as x — > oo. 



Such a property makes subexponential distributions an ideal choice for modeling 
ruin and insur ance problems and has caused wide interest in the classical probability 



literature (cf. lEmbrechts et all Il997l iRolski et all Il999h . 



The classical definition of subexponential distributions can be easily extended 
to the non-commutative setup by replacing the classical convolution powers by free 
convolution powers. We shall define a free subexponential measure on [0, oo) alone, 
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but the definition can be extended to probability measures on the entire real line, as 
in the classical case. Formally, we define a free subexponential measure as follows: 

Definition 1.1. A probability measure [x on [0, oo) with \x(x^ oo) > for all x > 0, 
is said to be free subexponential if for all n, 

fx Sn (x, oo) = (fx EH • • • EH fx) (x, oo) ~ nfx(x, oo) as x — > oo. 

n times 

The above definition can be rewritten in terms of distribution fu nctio ns as well. A 
distribution function F is called free subexponetial if for all n GN, F Sn (x) ~ nF(x) 
as x —> oo. A random variable X affiliated to a tracial VF*-probability space is 
called free subexponential if its distribution is so. One immediate consequence of 
th e definition of free subexponentia lity is the principle of one large jump. 



Ben Arous and Voiculescul (|2006| ) showed that for two distribution functions F 
and G, there exists a unique measure FMG, such that whenever X and Y are 
two free random elements on a tracial TV*-probability space, FMG will become 
the distribution of X V Y. Here X V Y is the maximum of two self-adjoint op- 
era tors defined using the spectral calculus via the projection- valued operators , 
see Ben Arous and Voiculescul (2006) for details. iBen Arous and Voiculescul ( 20061 ) 
showed that FHG(i) = max((F(x)+G(x)-l), 0), and hence F Mn (x) = max((nF(x)- 
(n — 1)),0). Then, we have, for each n, F^ n (x) ~ nF(x) as x — > oo. Thus, by 
definition of free subexponentiality, we have 

Proposition 1.1 (Free one large jump principle). Free subexponential distributions 
satisfy the principle of one large jump, namely, if F is freely subexponential, then, 
for every n, 

F mn (x) ~ F® n (x) as x -> oo. 

While the class of free subexponential distributions possess the above important 
property, it remains to be checked whether the class is nonempty. The answer to 
this question, which is the main result of this article, is given in Theorem ll.il The 
distributions with regularly varying (right) tails of index —a, with a > 0, form an 
important class of examples of subexponential distributions in the classical setup. 
(In further discussions, we shall suppress the qualifier "right".) A (real valued) 
measurable function / defined on nonnegative real line is called regularly varying 
(at infinity) with index a if, for every t > 0, f(tx)/f(x) — > t a as x — > oo. If a = 0, 
then / is said to be slowly varying (at infinity). Regular variation with index a at 
zero is defined analogously. In fact, / is regularly varying at zero of index a, if the 
function x i— > f(l/x) is regularly varying at infinity of index —a. Unless otherwise 
mentioned, the regular variation of a function will be considered at infinity. For 
regular variation at zero, we shall explicitly mention so. A distribution function F 
on [0, oo) has regularly varying tail of index —a if F(x) is regularly varying of index 
—a. Since F(x) — > as x — > oo, we must necessarily have a > 0. As in the case of 
subexponential distributions, a distribution F on the entire real line is said to have 
regularly varying tail if F + has so. Note that, for x > 0, we have F + (x) = F(x). A 
probability measure with regularly varying tail is defined through its distribution 
function. Equivalently, a measure [x is said to have a regularly varying tail if li(x, oo) 
is regularly varying. 

Other than distributions with regularly varying tails, Weibull distributions with 
shape parameter less than 1 and lognormal distribution are some other well known 
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examples of subexponential distributions in the classical setup. The last two dis- 
tributions have all moments finite unlike the distributions with regularly varying 
tails of index —a, which have all moments higher than a infinite. 

The distributions with regularly varying tails have already attracted attention 
in the non-commutative probability theory. The y play a very crucia l role in deter - 
mining the domains of attraction of stable laws ( Bercovici and Pata . 1999L 2000a ). 



In this article, we shall show that the distributions with regularly varying tails form 
a subclass of the free subexponential distributions. 

Theorem 1.1. // a distribution function F has regularly varying tail of index —a 
with a > 0, then F is free subexponential. 

The class of distribution functions with regularly varying tails is a significantly 
large class containing stable distributions, Pareto and Frechet distributions. For all 
a > 0, there are distribution functions, which have regularly varying tail of index 
—a. The class of distribution function with regularly varying tail of index —a 
have found significant application in finance, insurance, weather, Internet traffic 
modeling and many other fields. 

While it need not be assumed that the measure is concentrated on [0, oo), both 
the notions of free subexponcntiality and regular variation are defined in terms of 
the measure restricted to [0, oo). Thus we shall assume the measure to be supported 
on [0,oo) except for the definitions of the relevant transforms in the initial part of 
Subsection 12.21 and in the statement and the proof of Theorem ll.il Due to the lack 
of coordinate systems and expressions for joint distributions of non-commutative 
random elements in terms of probability measures, the proofs of the above results 
deviate from the classical ones. In absence of the higher moments of the distribu- 
tions with regularly varying tails, we cannot use the usual moment-based approach 
used in free probability theory. Instead, Cauchy and Voiculescu transforms become 
the natural tools to deal with the free convolution of measures. We recall the no- 
tions of these transforms in Section [2j We then discuss the relationship between 
the remainder terms of Laurent expansions of Cauchy and Voiculescu transforms 
of measures with regularly varying tail of index —a. We need to consider four 
cases separately depending on the maximum number p of integer moments that the 
measure /j, may have. For a nonnegative integer p, let us denote the class of all 
probability measures [i on [0,oo) with J Q t p d/i(t) < oo, but J Q t p+1 dfi(t) — oo, by 
M p . We shall also denote the class of all probability measures fi in M p with regu- 
larl y varying tail of index — a by M p , a . Note that we necessarily have a € [p,p+ 1] 



(cf. lEmbrechts et allll997l Proposition A3. 8(d)). Theorems 12. Ilf2~4l summarize the 
relationships among the remainder terms for various choices of a and p. These 
theorems are the key tools of this article. Section [2] is concluded with two Abel- 
Tauber type results for Stieltjes transform of measures with regularly varying tail. 
We then prove Theorem 11.11 in Section [3] using Theorems 12.1112.41 We use the final 
two sections to prove Theorems 12 . ll - f2T4l In Section [H we collect some results about 
the remainder term in Laurent series expansion of Cauchy transform of measures 
with regularly varying tails. In Section^ we study the relationship between the re- 
mainder terms in Laurent expansions of Cauchy and Voiculescu transforms through 
a general analysis of the remainder terms of Taylor expansions of a suitable class 
of functions and their inverses or reciprocals. Combining the results of Sections [4] 
and [5j we prove Theorems 12.11 12.41 
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2. Some transforms and their related properties 

In this section, we collect some notations, definitions and results to be used later 
in the article. In Subsection 12. 1[ we define the concept of non-tangential limits. 
Various transforms in non-commutative probability theory, like Cauchy, Voiculescu 
and R transforms are introduced in Subsection 12.21 Theorems 12.1112.41 regarding 
the relationship between the remainder terms of Laurent expansions of Cauchy and 
Voiculescu transforms are given in this subsection as well. Finally, in Subsection l2.3[ 
two results about measures with regularly varying tails are given. 

2.1. Non-tangential limits and notations. The complex plane will be denoted 
by C and for a complex number z, Sftz and Qz will denote its real and imaginary 
parts respectively. We say z goes to infinity (zero respectively) non-tang entially to 
K (n.t.), if z goes to infinity (zero respectively), while ^tz/^sz stays bounded. We 
can then define that a function / converges or stays bounded as z goes to infinity 
(or zero) n.t. To elaborate upon the notion, given positive numbers ?y, S and M, 
let us define the following cones: 

(1) r„ = {z £ C+ : \Uz\ < rj^z} and r„ jM ={z£ r„ : \z\ > M}, 

(2) A,, = {z £ C" : |ftz| < -n%z} and A v . s = {z £ A, : \z\ < 5}, 

where C + and C _ are the upper and the lower halves of the complex plane re- 
spectively, namely, C + = {z £ C : > 0} and C~ = — C + . Then we shall 
say that f(z) — > I as z goes to oo n.t., if for any e > and r\ > 0, there exists 
M = M(i],e) > 0, such that \f(z) — l\ < e, whenever z £ T Vy M- The boundedness 
can be defined analogously. 

We shall write f(z) sa g(z), f(z) = o(g(z)) and f(z) = 0(g(z)) as z —> oo n.t. to 
mean that f(z)/g{z) converges to a non-zero limit, f(z)/g(z) — > and f(z)/g{z) 
stays bounded as z — > oo n.t. respectively. If the non-zero limit is 1 in the first 
case, we write f(z) ~ g(z) as z — > oo n.t. For f(z) = o(g(z)) as z — > oo n.t., we 
shall also use the notations f(z) -C g(z) and g(z) ^> f(z) as z — > oo n.t. 

The map z h-> 1/z maps the set T n i/$ onto A,,^ for each positive r\ and S. Thus 
the analogous concepts can be defined for z — > n.t. using A. rh $. 

2.2. Cauchy and Voiculescu Transform. For a probability measure ijl £ Ai, its 
Cauchy transform is defined as 

r°° i 

G„{z) = / dfi(t), z £ C+. 

Note that G M maps C + to C _ . Set = 1/G M , which maps C + to C + . We shall 
be also interested in the function H^z) = Gu,(l/z) which maps C~ t o C" 



By Proposition 5.4 and Corollary 5.5 of iBercovici and Voiculescul (1993), for all 
rj > and for all eg (0, ij A 1), there exists 6 = 5(rj) small enough, such that is 
a conformal bijection from A^a onto an open set T> n ^, where the range sets satisfy 

If we define T> — U T) >of r],50q} 1 then we can obtain an analytic function L M with 
domain V by patching up the inverses of on T> Vt sQq) for each 77 > 0. In this 
case L M becomes the right inverse of on V. Also it was shown that the sets of 
type A Vj s were contained in the unique connected component of the set H~ (T>), It 
follows that is the right inverse of L M on A^a and hence on the whole connected 
component by analytic continuation. 
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We then define R and Voiculescu transforms of the probability measure /Lt re- 
spectively as: 



RJz) = T \ ; - - and (j)Jz) = RJl/z). 
Lp(z) z 



(2.1) 



Arguing as in the case of G^l/z), it can be shown that F M has a left inverse, 
denoted by F^ 1 on a suitable domain and, in that case, we have 

4>^z) = F-\z)-z. 



Bercovici and Voiculescu! (|1993f ) established the following relation between free 



convolution and Voiculescu and R transforms. For probability measures \i and v, 

4>pm v + 4>v and = R^ + Ru, 

wherever all the functions involved are defined. 

We shall also need to analyze the power and Taylor series expansions of the 
above transforms. For Taylor series expansion of a function, we need to define the 
remainder term appropriately, so that it becomes amenable to the later calculations. 
In fact, for a function A with Taylor series expansion of order p, we define the 
remainder term as 

r A {z) = z-P^A{z)-Y^ ai z^j. (2.2) 

Note that we divide by z p after subtrac ting the polyno mial part. 

For compactly supported measure /i, ISpeicherl (|l994 ) showed that, in an appro- 
priate neighborhood of zero, R^(z) = X^jlo where {%•(//)} denotes the 
free cumulant sequence of the probability measure /i. For probability measures \i 
with finite p moments, Taylor expa nsions of R^ and are given by Theorems 1.3 
and 1.5 of Bc navch- Georges! (l2006h : 



p-1 

E 

3=0 



K-j+ii^z 1 + z p 1 rR lt (z), and H^(z) 



p+i 



l ( s u)z^+z p+1 r Hli (z) 



(2.3) 

o(l) and r H „{z) = r H (z) = o(l) 
{nj(li) : j < p} denotes the 
(a*) : J 1- p} denotes the moment 



where the remainder terms tr (z) = tr{z) - 
as z — > n.t. are defined along the lines of 
free cumulant sequence of \i as before and {rrij 
sequence of the probability measure \x. When there is no possibility of confusion, 
we shall sometimes suppress the measure involved in the notation for the moment 
and the cumulant sequences, as well as the remainder terms. In the study of stable 
laws and the infinitely divisible laws, the following relationship between Cauchy 
a nd Voiculescu transforms o f a probability measure fi, obtained in Proposition 2.5 
of Bercovici and Patal (|l999t ). played a crucial role: 



as z — > oo n.t. 



(2.4) 



Depending on the number of moments that the probability measure \i may have, 
its Cauchy and Voiculescu transforms can have Laurent series expansions of higher 
order. Motivated by this fact, for probability measures /i € M. v (that is, when /x 
has only p integral moments) , we introduce the remainder terms in Laurent series 
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expansion of Cauchy and Voiculescu transforms (in analogy to the remainder terms 
in Taylor series expansion): 

r G » = r G {z) = z? +1 [G^-^mj-i^z-A (2.5) 



and 



r*M = r^z) = zP' 1 U^z) - J2 , (2-6) 

where wc shall again suppress the measure fi in the notation if there is no possibility 
of confusion. In (|2.6[) . we interpret the sum on the right side as zero, when p = 0. 
Using the remainder terms defined in (|2.5[) and (|2.6I) we provide extensions of (|2.4[) 
in Theorems 12.11 12.41 for different choices of a and p. We split the statements into 
four cases as follows: (i) p is a positive integer and a £ (p,p+ 1), (ii) p is a positive 
integer and a — p, (iii) p — and a G [0, 1) and (iv) p is a nonnegative integer and 
a = p + 1 giving rise to Theorems I2.1H2.4I respectively. 

We first consider the case where p is a positive integer and a € (p,p + 1). 

Theorem 2.1. Let /i be a probability measure in the class Ai p and a € (p,p+ 1). 
The following statements are equivalent: 

(i) p,(y,oo) is regularly varying of index —a. 

(ii) 3r<3 (iy) is regularly varying of index — (a — p) . 

(iii) ^sr,p(iy) is regularly varying of index — (a — p), Str^iy) ^ y~ x as y — > oo 
and r$(z) ^> z^ 1 as z — > oo n.i. 

// any of the above statements holds, we also have, as z — > oo n.t., 

r G {z) ~ t>(z) » aT 1 ; (2.7) 

as y ^ oo, 

-rt(p+l-a) ^ 

~ 3r G (iy) J^^Q,, oo) » - (2.8) 

cos * 2 F; 2/ 

and 

ff(p+2 — a) -. 

Kr^y) ~ Kr G (iy) -2 ^(y, oo) » -. (2.9) 

sin » 2 F; 2/ 

Next we consider the case where p is a positive integer and a = p. 

Theorem 2.2. Let fi be a probability measure in the class M p . The following 
statements are equivalent: 

(i) /z(y,oo) is regularly varying of index —p. 

(ii) 3r G (zy) is slowly varying. 

(iii) ^sr,p(iy) is slowly varying, Str^iy) y^ 1 as y — > oo and r^{z) z^ 1 as 
z — > oo n.t. 

If any of the above statements holds, we also have, as z — > oo n.t., 

r G (z) ~ r (z) » z" 1 ; (2.10) 

as y — > oo, 

7T 1 

Sr>(zy) ~ $sr G {iy) ^^{y, oo) > - (2.11) 

2 y 



8 



R. S. HAZRA AND K. MAULIK 



^{iy) ~ 3tr G (iy) » i. (2.12) 

In the third case, we consider a G [0, 1). 

Theorem 2.3. Let fi be a probability measure in the class Mo and a € [0, 1). The 
following statements are equivalent: 

(i) oo ) is regularly varying of index —a. 

(ii) ^srciiy) is regularly varying of index —a. 

(hi) 3r^(iy) is regularly varying of index —a, tftr^iy) rj Qr<p(iy) as y — > oo and 
r&(z) 3> z -1 as z — > oo n.£. 

// any of the above statements holds, we also have, as z — > oo n.t., 

r G (z)~r (z)> z" 1 ; (2.13) 



as y ^ oo, 



and 



tt(1 — a) 



1 



3r>(iy) - 3r G (zy) hdrKv, oo) > - (2.14) 

cos 2 1 y 

SRr^(ij/) - %lr G (iy) - -d a [i(y, oo) > i., (2.15) 




w/ien a > 0, 
w/ien a = 0. 



Finally, we consider the case where p is a nonnegative integer and a = p + 1. 

Theorem 2.4. Lei /i 6e a probability measure in the class M. v and (3 € (0,1/2). 
The following statements are equivalent: 

(i) n(y,oo) is regularly varying of index — (p + 1). 

(ii) !ftr G (iy) is regularly varying of index — 1 . 

(hi) ?R,r^,(iy) is regularly varying of index —1, y^ 1 <C $sr<t,(iy) -C y - ^ 1- ^/ 2 ) as 
y — > oo and z -1 -C ^(z) -C z - ^ as z — > oo n.t 
If any of the above statements holds, we also have, as z — > oo n.t., 

z- 1 <^r G {z)^r^z)<^z- fi ; (2.16) 

as y ^ oo , 

« SR r ^ % ) „ ^(iy) „ -ZLyP^y, oo) « y-^ 1 -^ 2 ) (2.17) 

and 

y- 1 « S*r>(iy) - 9fro(iy) « y^ 1 ^/ 2 ). (2.18) 

It is easy to obtain the equivalent statements for and through the simple 
observation that G M (z) = H^(l/ z) and </> M (z) = R^(l/z). For p = 0, Theorems 12.31 
and 12.41 together give a special case of (|2.4p for the probability measures with 
regularly varying tail and infinite mean. However, Theorems 12.1112.41 give more 
detailed asymptotic behavior of the real and imaginary parts separately, which is 
required for our analysis. 
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2.3. Karamata type results. We provide here two results for regularly varying 
functions, which we shall be using in the proofs of our results . They are variants of 
Karamata's Abel-Tauber theorem for Stieltjes transform (cf. iBingham et all Il987 , 
Section 1.7.5) and explain the regular variation of Cauchy transform of measures 
with regularly varying tails. 

The first result is quoted from iBercovici and Patal (jl999h . 

Proposition 2.1 ( Bercovici and Patal 1 1999L Corollary 5.4). Let p be a positive 
Borel measure on [0,oo) and fix a G [0,2). Then the following statements are 
equivalent: 

(i) y i — ^ p[0,y] is regularly varying of index a. 

(ii) y I-?- J °° t 2+ y 2 dp(t) is regularly varying of index —(2 — a). 

If either of the above conditions is satisfied, then 

The constant pre- factor on the right side is interpreted as 1 when a = 0. 

The second result uses a different integrand. 

Proposition 2.2. Let p be a finite positive Borel measure on [0, oo) and fix a € 
[0,2). Then the following statements are equivalent: 

(i) y <— > p(y, oo) is regularly varying of index —a. 

(ii) y i — V J °° t2 t +y 2 dp(t) is regularly varying of index —a. 
If either of the above conditions is satisfied, then 

£2 it ct 



dp(t) — ^-^p(y> 00 ) as y -> °°- 



t 2 + y 2 

The constant pre- factor on the right side is interpreted as 1 when a = 0. 

Proof. Define dp(s ) = p(^,oo)d s. By a variant of Karamata's theorem given in 
Theorem 0.6(a) of lResnickl (|1987|) . as a < 2, we have 

Mv\~ T^VPiVv,™) (2.19) 

1 2 

is regularly varying of index 1 — a/2. Then, we have, 

2 f°° f* 2sds , , , 
T dp(t) = y 2 / ———dp{t) 



t 2 + y 2 rw " Jo Jo (s 2 + V 2 ) 



2 / 2sp(s,oo) 2 f°° dp{s) 



(s 2 + y 2 ) 2 u Jo (s + y 2 ) 2 ' 

Now, first applying Theorem 1.7.4 of IBingham et al" (1987), as p[0,j/] is regularly 
varying of index 1 — a/2 e (0, 2] and then (|2.19|) , we have 

t 2 , (i-§) T 2 p[o,y 2 ] if , 



t 2 + y 2 ' w sin " y 4 

□ 
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3. Free subexponentiality of measures with regularly varying tails 



We now use Theorems I2.1H2.4I to prove Theorem 11.11 We shall first look at the 
tail behavior of the free convolution of two probability measures with regularly 
varying tails and which are tail balanced. Theorem 11.11 will be proved by suitable 
choices of the two measures. 

Lemma 3.1. Suppose /x and v are two probability measures on [0, oo) with regularly 
varying tails, which are tail balanced, that is, for some c > 0, we have v(y, oo) ~ 
c/j,(y, oo). Then 

H ffl u(y, oo) - (1 + c)n(y, oo). 

Proof. We shall now indicate the associated probability measures in the remainder 
terms, moments and the cumulants to avoid any confusion. Since \x and v are 
tail balanced and have regularly varying tails, for some nonnegative integer p and 
a€ [p,p+l], we have both /j, and v in the same class M. v ^ a - When a € [p,p + 1), 
depending on the choice of p and a, we apply one of Theorems 12. 1[ 12.21 and 12.31 
on the imaginary parts of the remainder terms in Laurent expansion of Voiculescu 
transforms. On the other hand, for a = p + 1, we apply Theorem 12.41 on the real 
parts of the corresponding objects. We work out only the case a £ [p,p + 1) in 
details, while the other case a = p + 1 is similar. 
For a € [p, p + 1), by Theorems 12. ll - [2~3l we have 

r^(z)>2" 1 and r 0i ,(z)>z" 1 (3.1) 

Mr^(-iy) > 2T 1 and 5fcr>„(-«y) » jT 1 (3.2) 

7r(p+l — en) 7r(p+l— a) 

Sr^'y) 2 ( , y p n(y, oo) and Str^iiy) -f— r y p u(y, oo). 



cos ' 2 ^ COS- ., 



(3.3) 



For p = and a € [0, 1), we further have 

Sr ^(«y) ~ &r<j>r(w) ~ m(2/>°°) and ^^(iy) w 3fo>„(iy) « ^(y,oo). (3.4) 

We also know that both Voiculescu transforms and cumulants add up in case of 
free convolution. Hence, 

r <#ym„ ( z ) = r 0M 0) + ( z )- ( 3 - 5 ) 

Further, we shall have ft p (/x ffl i/) < oo, but n p+ i((i ffl i/) = oo and similar results 
hold for the moments of /x ffl z/ as well. Then Theorems 12 . lH2~3l will also apply for 
H ffl v. Thus, applying (|3.5I) and its real and imaginary parts evaluated at z = iy, 
together with (|3.ip - (|3.4p respectively, we get, 

r <t>^m v ( z ) as z — > oo n.t., 

and 

7r(p+l — a) 

S^uffl,,^) (! + c ) JL-pI ^VO, oo) as y ^ oo, (3.6) 

cos > 2 F; 

which is regularly varying of index —{a — p). Further, for p = and a 6 [0, 1), we 
have 
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In the last two steps, we also use the hypothesis that v(y, oo) ~ c/j,(y, oo) as y — > oo. 
Thus, again using Theorems 12. II l2~3l we have 

7r(p+l — a) 

^^t/m ffl ^(y, oo) ~ ^ m^iy)- (3.7) 

cos > 2 F; 

Combining (|3.6I) and (|3.7I) . the result follows. □ 

We are now ready to prove the subexponentiality of a distribution with regularly 
varying tail. 

Proof of Theorem ] 1. 1\ Let /i be the probability measure on [0, oo) associated with 
the distribution function F + . Then fi also has regularly varying tail of index —a. 
We prove that 

^i ffln (y, oo) ~ n/j,(y, oo), as y — > oo (3.8) 

by induction on n. To prove (|3.8|) . for n = 2, apply Lemma 13.11 with both the 
probability measures as /i and the constant c = 1. Next assume Q3.8j) holds for 
n = m. To prove Q3.8p . for n = m+ 1, apply Lemma 13. II again with the probability 
measures \i and /i fflm and the constant c = m. □ 

4. Cauchy transform of measures with regularly varying tail 

As a first step towards proving Theorems 12.1112.41 we now collect some results 
about rc{z), when the probability measure \x has regularly varying tails. These 
results will be be useful in showing equivalence between the tail of /j. and rc(iy). 
It is easy to see by induction that 

1 p p ftY +1 1 



z — t ' z' J+1 V z ) z — t 

3=0 



Integrating and multiplying by z p+1 , we get 



+p+i 

ra(z) = I —Mt)- (4.1) 



We use (|4.1[) to obtain asymptotic upper and lower bounds for tg{z) as z — > oo n.t. 
Similar results about r# can be obtained easily from the fact that tyj(z) = ruO-fz), 
but will not be stated separately. We consider the lower bound first. 

Proposition 4.1. Suppose /i G Ai p for some nonnegative integer p, then 

z" 1 -C tq{z) as z — > oo n.t. 

Proof. We need to show that, for any r\ > 0, as \z\ — > oo with z in the cone r„, we 
have |zr<5(z)| — > oo. Note that, for z = x + iy € L,,, we have |x| < r\y. Now, as 
|z — t\ 2 = (z — t)(z — t) and z(z — t) = \z\ 2 — zt, using (|4.ip . we have, 

zr G (z) = z / -«f//(£) = \z\ 2 / | tt^W - z / | 7i2 d M(*)) 

Jo z ~ r Jo l z — r l Jo I 2 — r l 



which gives 



9?(zr G (z)) = |z| 2 / -dn(t) - 5Rz / 1 -d^(t) (4.2) 

Jo V- T \ Jo 



2-t 
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and 



$s(zr G (z)) = — 9f2 



z-t 



>dfi(t). 



(4.3) 



On T v and for t £ [0, rjy], \t — x\ < t + \x\ < 2i]y. Thus, we have, 



2+P+l 



\z\Hp 



-dp{t) > 



i HI 



y 2 t p+l 



(*■ 



y 



'I!) 



;dfi{t) > - j t p+1 dp(t) -> oo, 

(4.4) 

as y — > oo, since /i € .M p . 

Now fix 77 > 0, and consider a sequence {z„ = x n + iy n } in r, ( , such that 
\z n \ — > 00 > that is, |s n | < 77?/„ and y„ — > 00. Assume towards contradiction that 
{l^n^G^n)!} is a bounded sequence. Then both the real and the imaginary parts 
of the sequence will be bounded. However, then the boundedness of the real part 
and (|4~2|) and (144)1 give 

poo 

JO l Z " — *l 

Then, using (|4.3|) and the fact that |5Ftz| < r/^sz on T^, we have 



^(z n r G {z n )) > 



$lz n 



f p+2 



— > 00, 



which contradicts the fact that the imaginary part of the sequence {z n ro(z n )} is 
bounded and completes the proof. □ 

We now consider the upper bound for rc(z). The result and the proof of th e 
following proposition are inspired by Lemma 5. 2 (hi) of Bercovici and Pata ( 2000bf ). 

Proposition 4.2. Let \x be a probability measure in the class M Pja for some non- 
negative integer p and a 6 (p,p + 1] . Then, for any (3 G [0, (a — p)/(ot — p + 1)), we 
have 

(4.5) 



Tg(z) = o(z p ) as z — > 00 n.t. 

Remark 4.1. We consider the consider principal branch of logarithm of a complex 
number with positive imaginary part, while defining the fractional powers in (I4.5[) 
above and elsewhere. 

Remark 4.2. Note that (14. 5p holds also for p = a w ith (3 — 0, which can be readily 
seen from Theorem 1.5 of Benavch-George; 



p = a w i 
sl (l2006l) . 



Proof of Proposition ^. 2[ Define a measure po as dpo(t) = t p dp(t). Since \x € M D , 
Pn is a finite measure. Further, since p < a, using Theorem 1.6.5 of iBingham et al 



-^^y p p{y , 00) , which is regularly varying of index 



(1987), we have po(y,oo) 

-(a-p). 

Now fix n > 0. It is easy to check that for t > and zeT,, t/\z — 1\ < y^l + rf. 
For z = x + iy, we have \z — t\ > y and hence for t € [0, y 1 /( a_ P+ 1 )], we have 
</|z -t\< Then, using 03} and the definition of p , 

l/(a-j>+l) 



M*)| < 



z - t 



< y -(«- P )/(a-p+l) r t P d ^ t ) + V^fpo (^^-^,00) = 0(ir"), 
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for any f3 € [0, (a — p)/ (a — p + 1)) , as the second term is regularly varying of index 
— (a — p)/{ct — p + 1). Further, for z = i + jj/ € we have |z| = -^/a; 2 + y 2 < 
2/yl + n 2 , and hence we have the required result. □ 

Next we specialize to the asymptotic behavior of r G (iy), as y — > oo. Observe 
that 

®r a (iv) = , 2 , and 3r G (iy) = -y / -j- — ^dfi(t). (4.6) 

Jo 1 + y Jo 1 > v 

Proposition 4.3. Let p, be a probability measure in the class M. v . 
If a £ (p,p+l), then the following statements are equivalent: 

(i) fi has regularly varying tail of index —a. 

(ii) 9?7"g (iy) is regularly varying of index —(at — p). 

(iii) Ore (iy) is regularly varying of index —(pt — p). 

If any of the above statements holds, then 

fl-(a-p) nna ir(a-p) 



Sm ' 2 

7r(p+2-ct) uw <J\'VJ ' 7r(p+l-q) 
2 2 



Ur G (iy) ~ — r ?sr G (iy) y p p(y, oo) as y 



Further, 3tr G (iy) 3> y -1 and ?sr G (iy) 2> J/ as y — > oo. 

If a = p, then the statements jlj and (JmJ above are equivalent. Also, if either 
of the statements holds, then 

7T 

$sr G (iy) -y p p(y, oo) as y -> oo. (4.7) 

Further, ^r G (iy) 3> y -1 as y — > oo. 

//a = p+l, £/ien i/ie statements Q and ([nj above are equivalent. Also, if either 
of the statements holds, then 

7T 

dlr G (iy) ~ ~-y p p(y, oo) as y -> oo. (4.8) 
Further, for any e > 0, $tr G (iy) 3> y~( 1+£ ) as y — > oo. 

Remark 4.3. Note that, for a = p + 1, 3ir G (iy) is regularly varying of index —1 
and the asymptotic lower bound $ir G (iy) >• y _1 need not hold. This causes some 
difficulty in the proofs of Propositions 15.11 and 15.21 The lack of the asymptotic 
lower bound has to be compensated for by the stronger upper bound obtained in 
Proposition which holds for a — p+1. This is reflected in the condition (|R4")) 
for the class with j3 > 0, defined in Section [5] Further note that, the situation 
reverses for a — p, as Proposition 22] need not hold. The case, where a £ (p,p + l) 
is not an integer, is simple, as the asymptotic lower bounds hold for both the real 
and imaginary parts of r G (iy) (Proposition ^. 3j ). as well as, the stronger asymptotic 
upper bound works (Proposition ^. 2 j) . However, the case of non-integer a £ (p,p+l) 
is treated simultaneously with the case a — p as the class TZ p ,o (cf. Section [5]) in 
Propositions 15.11 and [ 



Proof of Proposition \4-3\ The asymptotic lower bounds for the real and the imagi- 
nary parts of r G (iy) are immediate from ([nj and dm)) respectively. So, we only need 
to show (|4.8I) and the equivalence between (0 and (ju]) when a £ (p,p+ 1] and (14.7[) 
and the equivalence between (jTJ) and jm} when a £ \p,p + 1). 

Let d/9j(t) = t p+ ' J dp(t), for j = 1,2. Then, by Theorem 1.6.4 of iBingham et al 



LICt LLfJjyt) I/" "Ltp^L/, 1U1 y J_, J- UCLA, U_y 111CU1C111 ±.U."± Ul UlllKllCllll ci_ai. 

(1983), we have, for a G [p,p+ 1), pi[0,y] ~ ot/(p+ 1 — a)y p+1 ^(y, oo), which is 
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regularly varying of index p + 1 — a € (0,1], and, for a £ (p,p + 1], p2[0,y] ~ 
a/(p + 2 — a)y p+2 p(y , oo), which is regularly varying of index p + 2 — a £ [1,2). 
Further, from (|4.6p . we get 



poo ^ roo 

%tr G {iy) = - I — 2^ 2 (*) and %r G {iy) = -y 72- — o^M*)- 
Jo 1 <y Jo 1 1" y 

Then the results follow immediately from Proposition 12. II □ 

While asymptotic equivalences between ^Rr G (iy) and tail of /x for a = p and 
?src(iy) and tail of /x for a = p + 1 are not true in general, we obtain the relevant 
asymptotic bounds in these cases. We also obtain the exact asymptotic orders when 

p = o. 

Proposition 4.4. Consider a probability measure p in the class M p . 

If p has regularly varying tail of index —p, then, for any e > 0, %trc{iy) 2> y~ £ 
as y —> oo. Further, if p — 0, then $irc(iy) ~ — /i(j/, oo) as y — > oo. 

J/p /ias regularly varying tail of index — (p+1), i/ien Qr G {iy) is regularly varying 
of index —1 and y _1 <C SsTcfty) <C y ^ as y — > oo, /or any e > 0. 

Remark 4.4. Note that ^sr G (iy) is regularly varying for the case a = p + 1 in 
contrast to $tr G (iy) for the case a = p > 0. Further, for the case a = p+1, the 
lower bound for Qr G (iy) is sharper than that for $lr G (iy) and coincides with that 
of ^sr G (iy) for the case a £ \p,p + 1) discussed in Proposition 14.31 



Proof of Proposition \4-4\ First consider the case where p has regularly varying tail 
of index —p. We use the notation dp (t) = t p dp(t) introduced in the proof of 
Propo sition ^. 21 However, in the current situation Theorem 1.6.4 of lBingham et al "" 



(|1987I ) will not apply. If p = 0, then po = p and po(y,oo) is slowly varying. If 
p > 0, observe that, as J t p dp(t) < oo, we have 

rv rv 
p {y, oo) = y p p(y, oo) +p / s p ~ 1 p(s,oo)ds ~ p s p ~ 1 p(s,oo)ds, 



which is again slowly varying, where we use Theorem 0.6(a) of iResnickl (jl987h . 
Thus, in either case, po(y, oo) is slowly varying and converges to zero as y — > oo. 
Now, from (|4.6p and Proposition ^. 21 we also have 

f°° t 2 

3tr G {iy) = - / , 2 . 2 ^0 ft) Po(y,oo) 

Jo 1 + y 

as y — »• oo. Since yOo(2/; oo) is slowly varying, for any e > 0, we have \y s 3lr G (iy)\ oo 
as y — > oo. Also, for p = 0, we have Kr^fty) ~ —po(y,oo) — — p(y,oo). 

Next consider the case, where p £ M p has regularly varying tail of index —(p+1). 
Define again dp\(t) = t p+1 dp(t). Then, 

rv rv 
Pi [0,2/] = + / s p /i(s, oo)ds - y p+1 p(y, oo) ~ (p + 1) / s p p(s,oo)ds 



is slowly varying, again by Theorem 0.6(a) of iResnic 2 (Il987l) . Then, by and 
Proposition 12. 11 we have 



is regularly varying of index —1. Further, /9i[0,y] — > t p+1 dp(t) — oo as y — > oo. 
Then the asymptotic upper and lower bounds follow immediately. □ 
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5. Relationship between Cauchy and Voiculescu transform 

The results of the previous section relate the tail of a regularly varying probability 
measure and the behavior of the remainder term in Laurent series expansion of its 
Cauchy transform. In this section, we shall relate the remainder terms in Laurent 
series expansion of Cauchy and Voiculescu transforms. Finally we collect the results 
from Sections |4] and [5] to prove Theorems 12.11 12.41 

To study the relation between the remainder terms in Laurent scries expansion 
of Cauchy and Voiculescu transforms, we consider a class of functions, which in- 
clude the functions for the probability measures fi with regularly varying tails. 
We then show that the class is closed under appropriate operations. See Proposi- 
tions O and El 

Let H denote the set of analytic functions A having a domain T> A such that for 
all positive ij, there exists 5 > with A,,^ c T> A . 

For a nonnegative integer p and (3 £ [0,1/2), let 1Z Pt p denote the set of all 
functions A £ H which satisfy the following conditions: 

(Rl) A has Taylor series expansion with real coefficients of the form 

p 

A(z) = z + J2 a j z3+1 + z p+1 r A (z), 

3=1 

where a±, . . . , a p are real numbers. For p = 0, we interpret the sum in the 
middle term as absent. 
(R2) z < r A {z) < z 13 as z -t n.t. 

(R3) %lr A (-iy) > y 1+l3/2 and %r A (-iy) > y as y -> 0+. 
For p = = /3, we further require that 

(R4') Str A (-iy) « Qr A (-iy) as y -»■ 0+. 
For f) £ (0, 1/2), we further require that, 

(R4") Rr A (-iy) < y 1 -^ 2 and Sr A (-iy) < y^ p/2 as y -> 0+. 

Note that the functions in K p> p satisfy ([Rl ) -([R3 ]) for p > 1. For p = = (3, 
the functions in TZp^p satisfy (|R1|) ~ (|R3|) as well as (|R4'[) . Finally, for nonnegative 
integers p and f3 £ (0, 1/2), the functions in 1Z p .js satify l[Rl |l -(|R5 )l and $RA"} . 

The classes 1Z P ^ as p varies over the set of nonnegative integers and j3 varies over 
[0, 1/2], include the functions where fj, £ M p ^ a with p varying over nonnegative 
integers and a varying over [p,p + 1]: 

Case I: p positive integer and a £ [p,p + 1): By Proposition 14.11 and 14.31 we 
have Hp £ 1Z P $. 

Case II: p = 0, a £ [0, 1): By Proposition OJ LO and WM £ K afi . 

Proposition 14.41 is required to prove (1R4'[) for p = a = only. 

Case III: p nonnegative integer, a — p + 1: By Proposition ^. 21 and 14. 4[ will 

be in K Pt p for any /3 £ (0, 1/2). 

We do not impose the condition $tr A (— iy) ^sr A (— iy) for p > 0, as it may fail 
for some measures in M PtP . 

The first result deals with the reciprocals. Note that U (z) and zU (z) have the 
same remainder functions and if one belongs to the class H, so does the other. 
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Proposition 5.1. Suppose zU{z) G H be a function belonging to TZp.p for some 
nonnegative integer p and < (3 < 1/2, such that U does not vanish in a neighbor- 
hood of zero. Then the reciprocal V = 1/U is defined and zV(z) is also in 7Z p ,p. 
Furthermore, we have, 

(Fl) ry(z) ~ —rjj(z), as z — > n.t., 

(F2) $lr v (-iy) ~ -^Rru(-iy), as y -> 0+, and 

(F3) ^r v (-iy) ~ -$srjj(-iy), as y -> 0+. 

The second result shows that for each of the above classes, when we consider a 
bijective function from the class, its inverse is also in the same class. 

Proposition 5.2. Suppose U G H be a bijective function with the inverse in % 
as well and U G Hp.fi for some nonnegative integer p and < f3 < 1/2. Then the 
inverse V is defined and is also in TZ Pl p. Furthermore, we have, 

(11) rv{z) ~ — ru{z), as z — !• n.t., 

(12) $trv{— iy) ~ — 3?ri/(— iy), as y — > 0+, and 

(13) $7v(-m/) — —$5ru(—iy), as y -> 0+. 

Next we prove Propositions 15.11 and 15.21 In both the proofs, all the limits will be 
taken as z — > n.t. or y — > 0+, unless otherwise mentioned and these conventions 
will not be stated repeatedly. We shall also use that, for any nonnegative integer p 
and [3 G [0, 1/2), with U G 7lp,p, we have 

\Uru(-iy)\ < \ru{-iy)\ < 1 and \^rv{-iy)\ < \ru(-iy)\ < 1. (5.1) 



The proofs of Propositions 15.11 and 15.21 will be broken down into cases p — and 
p > 1. Each of these cases will be further split into subcases (3 = and f3 G (0, 1/2). 
The p > 1 is more involved compared to the case p = 0. However, the proofs, 
specially that of Proposition 15.21 have substantial parts in common for different 
cases. 

We first prove the result regarding the reciprocal. 

Proof of Proposition HOI Note that since zU(z) belongs to "H, given rj > 0, there 
exists 5 > 0, such that A^^ is contained in the domain of zU(z) and U does not 
vanish on A, ; g. Thus, V(z) and hence zV(z) will also be defined on A^. So zV(z) 
also belongs to W. 

Observe that if we verify ()Flj) - (jF3p . then zV(z) is automatically in 7Z p ,p as well, 
since V(z) and zV(z) have same remainder functions. We shall prove (|Fip - (|F3j) 
using the fact that V(z) — l/U(z) and the properties of zU(z) as an element of 

Case I: p = 0. Let zU{z) — z + zrjj(z) be a function in this class. Then 
V (z) = 1 — rij(z)+Q ( \rij(z )\ 2 ). By uniqueness of Taylor expansion from Lemma A.l 



of lBenavch-GeorgesI (|2006l ). we have 



r v (z)^-r u (z) + 0(\r u (z)\ 2 ). (5.2) 



Since, by (|R2j) . ru(z) <C 1, we have ry{z) ~ —ru(z), which checks JFTj). 

Further, evaluating (|5.2j) at z = — and equating the real and the imaginary 
parts, we have 

ftr v (-iy) = -dtru(-iy) + 0(\r v {-iy)\ 2 ) 
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and 

%rv(-iy) = -&ru(-iy) + 0(\ru(-iy)\ 2 ). 

Thus, to obtain the equivalences (|F2[) and (|F3|) . it is enough to show that \ru{—iy)\ 2 = 
\$tru(— iy)\ 2 + iy)\ 2 is negligible with respect to both the real and the imagi- 

nary parts of rjj(-iy)- We prove the negligibility seperately for two subcases (3 = 
and /3 € (0,1/2). 

Subcase la: p = 0, = 0. Using (jS~Tl and ^.r v {-iy) sa ^ru{-iy) from (|R4'[) . 
we have the required negligibility condition. 

Subcase lb: p = 0, /3 e (0, 1/2). Using (JES) and dRl 77 ]) . we have 

|3mHy)| 2 = y 1+P/2 { \%M-iy)\ \ 2 ,_ 30/2 
\3bru(-iv)\ \^ru(-iy)\ \ y 1 -^ 2 J U 

and 

\Mru(-iy)\ 2 y f\^ru(-iy)\^ 2 



y 1 -? _> 0. 

|3r[/(-i?/)| |9rt/(-ij/)| \ y 1 -^/ 2 / 

They, together with (15.11) . give the required negligibility condition, thus prov- 
ing (|F2|) and (lF3l). 

Case II: p > 1. Let zt/(z) = z + Yl V j=i u 3 z '' +1 + z p+1 rjj(z) be a function in 
this class. Note that, as p > 1 and by (|R2|) . as z <C ^[/(^)) we have Sj=i + 
z p r^(z) = u\z + 0(zru{z))- Thus, using (|R2|) . we have, 

p / p \ J 

y(z) = Y,u m z m + z p ru{z)) + {~l) p+1 u p+1 z p+1 + 0(z p+1 ru (zj). 

j=l \m=l / 

Now we expand the second term on the right side. As z <C r;/(z) from (|R2[) . all 
powers of z with indices greater than (p+ 1) can be absorbed in the last term on the 
right side. Then collect the (p+ l)-th powers of z in the second and third terms to 
get c\z p+1 for some real number c\. The remaining powers of z form a polynomial 
P(z) of degree at most p with real coefficients. Finally we consider the terms 
containing some power of rjj(z). It will contain terms of the form z l1 (z p rjj(z)) 12 
for integers l\ > and I2 > 1, with the leading term being — z p rjj(z). Since p > 1 
and from (|R2[) we have ru{z) <C 1, the remaining terms can be absorbed in the last 
term on the right side. Thus, we get, 

V(z) = 1 + P(z) - z p ru (z) + Cl z p+1 + 0(z p+1 ru (z)). 

By un iqueness of Taylor series expansion from Lemma A.l of iBenavch-Georges 



(|2006D . we have 

TV (2) = —ru{z) + c\z + 0(zru(z)). 

The form of ry immediately gives ry(z) ~ —rjj(z), since z -C tv^), by (|R2|) . 
This proves (|FT]). 

Also, using (|5.1|) . ^sry(-iy) = — SJr[/(— iy)+0(y) and asy <§; ^sru(-iy) from (|R3|) . 
we have Qtv(— iy) ~ —^sru(-iy). This shows (|F3|) . Further, asci is real, 3?ry(— iy) = 
—$lru(—iy) + 0(y\ru(—iy)\)- Thus, to conclude (|F2|I . it is enough to show that 
y\ r u{— iy)\ "C $iru(—iy), for which it is enough to show that y$sru(—iy) <C $trjj(—iy). 
We show this seperately for two subcases. 
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Subcase Ha: p > 1, p = 0. We have by (|R3 
y%ru(-iy) y 



^ru{-iy) ^ru(-iy) 
Subcase lib: p>l,/3e (0, 1/2). Using the properties (|R3| and (|R4"I) we get, 

y^sru(-iy) _ ^ 1+/3/2 _ Qru(-iy) _ lH3 
$iru(—iy) ^Rru(-iy) y 1 -/ 3 / 2 ' 

It is easy to see that the limit is zero in either subcase. □ 

Before proving the result regarding the inverse, we provide a result connecting a 
function in the class % and its derivative. 

Lemma 5.1. Let v E H satisfy v(z) = o(z l3 ) as z — > n.t, for some real number 
/3. Then v'(z) = o^ -1 ) as z -> n.i. 

Proof. The resul t for /3 = follows from the calculations in the proof of Propo- 
sition A. 1(h) of Benavch-Georgesl ( 20061) . For the general case, define w(z) = 



z ' v(z). Then w <E H and w(z) — o(l). So by the case /3 = 0, we have w'(z) ~ 
-Pz-^viz) + z-Pv'(z) = oiz- 1 ). Thus, zw'(z) = -p Z -^v{z) + Z -^-^v'{z), 
where the left side and the first term on the right side are o(l) and hence the 
second term on the right side is o(l) as well. □ 

We are now ready to prove the result regarding the inverse. 

Proof of Proposition 1 5. ,21 We begin with some estimates which work for all values 
of p and (3 before breaking into cases and subcases. Since U is of the form 

p 

U(z) = z + u>jZ j+1 + z p+1 ru(z) 

3 = 1 



and rjj(z) <C 1, by Proposition A. 3 of Benavch-Georgesl ( 2006 ). the inverse function 



V also has the same form with the remainder term ry satisfying 

r v (z) < 1. (5.3) 
Also note that V(z) ~ z. Further, Lemma A.l of Benavch-Georgesl ( 20061 ) shows 



that the coefficients are determined by the limits of the derivatives of the function 
at 0. Hence, the real coefficients of U guarantee that the coefficients of V are real. 
So we only need to check the asymptotic equivalences of the remainder functions 
given in (|IT) - (|P3"|) . We shall achieve this by analyzing I(z) — rjj(V{z)) — ru(z), the 
fact that U(V(z)) — z and the properties of U as an element in 1Z P ^. For that 
purpose, we define 

I{z) = r u {V{z))-r u {z) = f r^CR, 

where 7 Z is the closed line segment joining z and V (z). Using the part (a) in the 
proof of Proposition A. 3 of Benavch-Georgesl ( 20061) . given any n > 0, we have, for 



all small enough 5 > 0, 

&2 V ,2S c v v and V{\,&) C A 2r7 , 2 5- 

Thus, given any n > 0, there exists S > 0, such that whenever z S A^a, V(z) 
belongs to A.2 n ,2S- Note that A2 V ,28 is a convex set. Hence, whenever z G A^j, -f z 
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is contained in /S.2ri,2S C T>u and r' v is defined on the entire line segment j x . We 
shall need the following estimate that 

|/(*)| < |7*l sup 1^(01 = \V(z) - z\ sup 1^(01 = \V(z) - z|K(Co(z))|, 

for some (o{z) £ *y x , since 7 Z is compact. Note that Co (z) = z + 6*(z)(U(z) — z), 
for some #(z) € [0, 1] and hence Co(z) ~ z. Now, r[/(z) = o(z 13 ) by (|R2|) and thus, 
by Lemma \5. 11 we have r'u(£o(z)) — o(£o(z)' 3 ~ 1 ) = o(z^ _1 ). Further estimates for 
I(z) depend on the functions of V(z) which are separate for the cases p = and 
p > 1. Using V(z) = z + zry(z) for p = and U(z) = z + 0(z 2 ) for p > 1, we have, 



o(z /3 ry(z)), for p = 0, 
o(z 1+/3 ), forp>l. 



= i r ( 5 - 4 ) 



Case I: p = 0. Then U(z) = z+zrjj(z) and U(z) = z+zry(z). Using U(V(z)) = 
z and I(z) = ru(V(z)) - w(z), we get = zry(z) + (z + zry(z))(rr/(z) + /(z)). 
Further canceling z and using (|5.3II . we have 

= ru {z) + r v {z) + ru (z)r v {z) + 0(I(z)). (5.5) 

Using (|5.4|) for p = and rrj(z) <C 1 from (IR2|) . we have rv(z) ~ — rry(z), which 
proves (jllj) . Further, using (|R2[) and evaluating at z = — iy, we have, for j3 € 
[0,1/2), 

I^Hy)|«/. (5.6) 
Evaluating (15. 5|) at z = iy and equating the real and the imaginary parts, we have 

= Ztru(-iy) + Ztrvi-iy) + 0(\ru(-iy)\\r v (-iy)\) + 0(\I(-iy)\) (5.7) 

and 

= ^ru(-iy) + 3iy(-iy) + 0(\ru(-iy)\\r v (-iy)\) + 0(\I(-iy)\). (5.8) 

We split the proofs of lfl2j) and (|I3|) for the case p = into further subcases (3 = 
and P € (0, 1/2). 

Subcase la: p = 0, P = 0. By (fITj) for z = — and (1R4'|) . we have, 
|J(— < |rv(-«y)| ~ |rv(— ~ |5Rra(-i2/)| ~ |Sr£/(-i2/)|- 

Thus, the last term on the right hand side of (|5.7j) and (|5.8|) are negligible with 
respect to ^Rru(-iy) and Qru(-iy) respectively. Then, further using rjj(-iy) — > 
from (|R2p . the third term on the right hand side of (|5.7I) and (|5.8[) are negligible 
with respect to ^Rru(-iy) and Qt[/(— iy) respectively and hence we get $iru(—iy) ~ 
— 3?ry(— ij/) and ^sru(-iy) ~ — Ssry(— iy), which prove (|I2|) and (jl3l) . 
Subcase lb: p = 0, /3 £ (0, 1/2). We have, by jR3| and (|R4 /r |) . 

g |^Hy)| y 1+ ^ 2 
^ |S8rp(-*»)| y 1 "' 3 / 2 |3M-itf)l 



and 



|Qrj/(-iy)| y 1 -/ 3 / 2 |Qtj/(-m/)| 
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They, together with (|5.1|) . give y^\ru(—iy)\ is negligible with respect to both the 
real and the imaginary parts of ru{— iy)- Further, using (|5.4[) and (|5.6|) respectively, 
we have 

\I(-iy)\ < y p \rv{-iy)\ ~ y \ru(-iy)\ and \ru(-iy)r v (-iy)\ < 

Thus, both \I(—iy)\ and |rt/(— iy)ry (— iy)| which are the last two terms of (15 . 7[) 
and (|5.8) . are negligible with respect to both the real and the imaginary parts of 
ru(-iy). Then, from (|5.7j) and (|5.8[) . we immediately have $hru(—iy) ~ — 5ftry(— iy) 
and Qt[/(— iy) ~ — 37v(— iy), which prove (jl2j) and (jl3|). 

Case II: p > 1. In this case £/(z) = z + E?=i U 3 Z ^ +1 + z p+1 rjj(z) and V(z) = 
z + E?=i«j^ +1 + 2 p+1 r y (z) = z(l + uiz(l + o(l))). Using z = t/(V(z)) and 
canceling z on both sides, we have 

p p I p 

= ^VjZ j+1 + z p+1 r v {z) + J2u m \z + J2 v i zj+1 + zP+lr v(z) 

3=1 m=l \ i=l 

+ z p+1 (rv(z) + J(z)) (l + (p + 1)^(1 + o(l))) . (5.9) 

Note that all the coefficients on the right side are real. We collect the powers 
of z up to degree p + 1 on the right side in the polynomial Q(z). Let c' € K 
be the coefficient of z p+2 on the right side. The remaining powers of z on the 
right side will be 0(z p+3 ). We next consider the terms with ry(z) as a factor 
and observe that z p+1 ry(z) is the leading term and the remaining terms con- 
tribute 0(z p+2 ry(z)). Finally, the last term on the right side gives z p+1 ru(z) + 
0(z p+2 ru (z)) + 0{z p+1 I(z)). Since z < r v {z) by jR2}, the term 0(z p+3 ) can be 
absorbed in 0(z p+2 ru(z)). Combining the above facts and dividing ()5.9[) by z p+1 , 
we get, 

= z-^ p+ ^Q(z)+(r u (z)+c'z+0(I(z))+0(zr u (z))) + (r v (z)+0{zr v (z)))^ (5.10) 

As I(z) < z 1+l3 < z < ny(z) by (|Q) and (|R2|) . we have r t /(z) + c'z + 0(/(z)) + 
0(zr[/(z)) = r[/(z)(l + o(l)). Also r y (z) + 0(jwy(z)) = r v (z)(l + o(l)). Thus, 
the last two terms on the right hand side of (|5 . 10[) goes to zero. However, the first 
term on the right hand side of (|5.10[) , Q being a polynomial of degree at most p, 
becomes unbounded unless Q = 0. So we must have Q = 0. Thus, (|5.10[) simplifies 
to 

ru{z) + c'z + 0(I(z)) + 0(zru(z)) = -r v {z) + 0{zr v {z)). (5.11) 

As observed earlier, the left side is rjj{z)(l + o(l)) and the right side is — ry(z)(l + 
o(l)) giving ru{z) ~ — ry(z), which proves (JXTJ) . 

Further, as in the case p — 0, we have (|5 .6[) from rjj(z) ~ — ry(z). Also, (|5.1ip 
becomes 

- rv(z) = ru(z) + c'z + 0(I(z)) + 0{zrv{z)). (5.12) 

Evaluating (|5.12|) at z = — iy and equating the imaginary parts, we have, us- 
ing (53), 

-3rv(™iy) = $Sru(-iy) + 0(y). 
This gives jl3), that is, — 3?ry(— iy) ~ Qru(-iy), since y <C Qt[/(— iy) by (|R3|) . 

Evaluating ()5.11j) at z = — iy again and now equating the real parts, we have, as 
c' is real, 

-Krv(-iy) = ^(-zy) + 0(|/(-ty)|) + 0(y\ru(-iy)\). 
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From (JO|) and (|R3]> . we have |J(-%)| < < Krt/(-%). Thus, to ob- 

tain (|l2j). that is, —dlrv(-iy) ~ $lru(—iy), we only need to show that y|ri/(— -C 
$tru{—iy), which follows using rjj{—iy) ~ — ry(— iy), (|5 .€>[) and (|R3[) . since 

j/kgHjOj = ?/ 1+/3/2 |rvHy)j 0/2 

\Stru(-iy)\ |*M-*i/)l y p ' 

□ 



We wrap up the article by collecting the results from Sections U and [5] and proving 
Theorems [OEU 

Proofs of Theorems \2.1\\2.4\ We shall prove all the theorems together, as the proofs 
are very similar. 

The statements involving the tail of the probability measure [i and the remain- 
der term in Laurent expansion of Cauchy transform, re can be obtained from 
the results in Section @] as follows: For all the theorems, the equivalence of the 
statements ^ and (jn]) about the tail of the probability measure and Cauchy trans- 
form (the imaginary part in Theorems 12.1112.31 and the real part in Theorem 12. 4[) 
are given in Proposition 14.31 The asymptotic equivalences between the tail of the 
measure and (the real and the imaginary parts of) the remainder term in Laurent 
series expansion of Cauchy transform, given in (ET5)) . ([2U|) . (|2TTT]) . (j2~14f and (|2"T7|) 
are also given in Proposition 14.31 The similar asymptotic equivalence in (|2.15[) fol- 
lows from Propositions 14.31 and 14.41 for the cases a £ (0, 1) and a = 1 respectively. 
We consider the asymptotic upper and lower bounds next. The asymptotic lower 
bounds in (|2~Tj) . (l27T0|) . (|2~T3)) and (f2~16l) follow from Proposition g3] The asymp- 
totic upper bound in (|2.16p follows from Proposition 14.21 The asymptotic lower 
bounds in ((23), dHJ), ([2~TTj) . ([2~TIj) and (12T7)) follow from Proposition S31 The 
asymptotic upper bound in (|2.17p follows from the fact that y p /i(y, oo) is a regu- 
larly varying function of index —1. The asymptotic lower bound in (|2.12p follows 
from Proposition l4.4[ while the asymptotic lower bound in (|2. 15|) follows as the tail 
of the measure is regularly varying of index —a with a € [0, 1). Finally both the 
asymptotic bounds in (|2.18|) follow from Proposition 14.41 

To complete the proofs of Theorems 12 . 1 1 HOI we need to check the equivalence of 
the statements ((n} and (|m]) involving the remainder terms in Laurent expansion of 
Cauchy and Voiculescu transforms for all the theorems and the asymptotic equiv- 
alences between the remainder terms in Laurent series expansion of Cauchy and 
Voiculescu transforms and their real and imaginary parts given in (|2.7p - l|2.18p . Note 
that all these claims about Cauchy and Voiculescu transforms of /i have analogues 
about and i? M due to the facts that rc{z) = r#(l/;z) and r^{z) = r^(l/z). We 
shall actually deal with the functions and R^. 

For any probability measure [i G A4 P , the function H = is invertible, belongs 
to the class H and the leading term of its Taylor expansion is z. Further, by Propo- 
sition A. 3 of iBenaych-Georgesl ( 2006 ). the above statement about H is equivalent 



to the same statement about its inverse, denoted by L = L^. Since the leading term 
of Taylor expansion of L has leading term z, the leading term of Taylor expansion 
of L(z)/z is 1 and it is also in H. Define K(z) = z/L(z). Then K is also in H 
and its Taylor expansion has leading term 1. We shall also use the following facts 
obtained from (|2.ip : 



zR^z) = (K(z) - 1) and zK(z) = z(l + zR^z j). (5.13) 
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Hence Taylor expansion of K will also lead to a Taylor expansion of R of degree 
one less than that of K. However, due to the definition of the remainder term of 
Taylor expansion given in (|2.2[) . the corresponding remainder terms will be related 
by tk = Tr. Thus, we can move from the function m to ?-#-(= Tr) through inverse 
and reciprocal and vice versa as follows: 

XJ/ : L{z)=H-\z)^ L{z) K(*) = t& R {z) = l£L^l 

H{z) i > L(z) = z ■ i > zK(z) < > R(z). 

Proposition l5.2l Z Proposition l5.il tk—^r 

(5.14) 

These observations set up the stage for Propositions 15.11 and 15.21 We shall use 
the class 7£ Pj o for Theorems I2.1l [2~3l and the class TZ p ,p with any fj £ (0,1/2) for 
Theorem 

Suppose fi £ A4 P with a £ \p,p+l). This condition holds for Theorems 12.11 [2~3l 
and we prove these three theorems first. In these cases, H fJi (z) and zK(z) = z(l + 
zRu(z)) necessarily have Taylor expansions of the form given in the hypothesis (jRip 
for the class TZ p fi w hh r H (z) <C 1 and r R (z) <C 1 as z — > oo. 

For all three theorems, first assume the statement (JTTJ) that Or^iy) is regularly 
varying of index —(a — p). Then, from the already proven lower bounds in (12.71) - 
(|2.15l) . we have the asymptotic lower bounds for ra(z), ^Rrc{iy) and Qrc(iy) under 
the setup of each of the three theorems. They translate to the asymptotic lower 
bounds for the function H^, as required by the hypotheses (1R2|) and (|R3j) . The 
asymptotic upper bound in (1R2|) holds, as the remainder term in Taylor series 
expansion of H satisfies rjj *C 1. For Theorem 12.31 we have p = and we need to 
check the extra condition (|R4/)) , which follows from the already proven asymptotic 
equivalences f|2 . 14[) and (|2.15[) . Thus, for each of Theorems 12. Ilj2~3l Ha belongs to 

We now refer to the schematic diagram given in (|5.14|) . As is also invertible 
with L = H^ 1 £ H, by Proposition 15.21 we also have L £ 1Z Pt o and rn{z) ~ 
-r L (z), $tr H (-iy) ~ -$tr L (-iy) and "3r H (-iy) — -$sr L (-iy). Clearly, then 
Proposition 1 5 . 1 1 applies to the function L(z)/z, which has reciprocal K £ H. Thus, 
Tk and tl satisfy the relevant asymptotic equivalences. Furthermore, since, = 
Tk, combining, we have rn{z) ~ rn(z), ^Rrn (— iy) ~ %irn(—iy) and Qrn(-iy) ~ 
^ r R{—iy)- Further, for Theorem 12.31 we have p — and H £ TZ P ^ satisfies (|R4'|) . 
Hence, we also have ^trjt(-iy) ~ 3r^(— iy). Then inherits the appropriate 
properties from and passes them on to </> M , which gives us the statement ([m)) 
about the remainder term in Laurent expansion of Voiculescu transform in each of 
Theorems 

Conversely, assume the statement (fiii|) . Then the assumptions on imply the 
analogous properties for tr = tk- Further, as \i is in M. p , zK(z) = z(l + zR^(z)) 
satisfies the hypothesis (|R1[) for the class 1Z p ,q. Also, the remainder term of Taylor 
series expansion of zK(z) is also given by tr = tk *C 1. The lower bound for the 
imaginary part of the remainder term in the hypothesis (|R3|) follows from its regular 
variation and the fact that a £ \p,p+l). The lower bound in the hypothesis (IR2j) is 
part of the statement (|m|) . The lower bound for the real part of the remainder term 
in the hypothesis (|R3[) is also a part of the statement ([ml) for Theorems 12.11 and 12.21 
while it follows from the statement (fml) for Theorem 12.31 as both the real and 
imaginary parts become asymptotically equivalent and regularly varying of index 
a with a £ [0,1). Finally, the asymptotic equivalence in (|R4 / j) for Theorem 12.31 
is a part of the statement (jm|. Thus, again for each of Theorems I2.1l42~3l zK{z) 
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belongs to 1Z Pi q. Then apply Proposition 15.11 on K and then Proposition 15.21 on 
z/ K(z) — L(z) to obtain H fl (z). Arguing, by checking the asymptotic equivalences 
as in the direct case, we obtain the required conclusions about rjj and hence tq 
given in the statement (JTiJ) for each of Theorems 12.1112.31 

The argument is same in the case a = p + 1, which applies to Theorem 12 .41 with 
the observation that the stronger bounds required in the hypotheses (|R2|) . (|R3j) 
and (|R4"|1 with /3 > are assumed for and hence for and is proved for tq 
and hence for rn in Proposition 14.21 and 14.41 □ 
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